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Abstract

Biological networks are open systems that can utilize nutrients
and energy from their environment for use in their metabolic
processes, and produce metabolic products. System entropy is
defined as the difference between input and output signal
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entropy, i.e., the net signal entropy of the biological system.
System entropy is an important indicator for living or non-living
biological systems, as biological systems can maintain or
decrease their system entropy. In this chapter, system entropy is
determined for the first time for stochastic biological networks,
and a computation method is proposed to measure the system
entropy of nonlinear stochastic biological networks that are
subject to intrinsic random fluctuations and environmental
disturbances. We find that intrinsic random fluctuations could
increase the system entropy, and that the system entropy is
inversely proportional to the robustness and stability of the
biological networks. It is also determined that adding feedback
loops to shift all eigenvalues to the farther left-hand plane of the
complex s-domain could decrease the system entropy of a
biological network.

Keywords

System Entropy; Thermodynamics; Open System; Biological
Network; Nonlinear Stochastic System; Hamilton-Jacobi
Inequality (HJI); Linear Matrix Inequality (LMI)

Introduction

In general, entropy is a measure of the randomness or disorder of
a physical system due to intrinsic random fluctuations and
environmental disturbances [1-3]. According to the second law
of thermodynamics in a thermally isolated system, entropy
typically tends to increase, i.e., entropy describes the dispersion
of energy and the natural tendency of spontaneous change
toward states with higher entropy [4-7]. However, biological
systems can absorb nutrients and energy from the external
environment for use in metabolic processes, producing
metabolites to maintain life. Since these biological systems can
exchange material and energy with their environments to
maintain their stability and structure, they are open systems, i.e.,
their entropy can be maintained by exchanging materials and
energy with their environment. The maintenance of entropy is an
important indicator separating biological systems from non-
living systems. As pointed out by Schrddinger, biological
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systems consume negative entropy to maintain the entropy used
for their maintenance [8,9].

Biosystems are open irreversible statistical thermodynamic
systems [10-14]. It is still difficult to measure the entropy of
biological systems however, because these are always stochastic
dynamic systems [10-12]. At present, no efficient method exists
for use in calculating the entropy of nonlinear stochastic
networks [1-3,8,13-15]. When a nonlinear stochastic network is
driven by white noise, the entropy of the biological network is a
measure of its randomness, which is characterized by the
covariance of the state variables of the biological network [2,6].
The entropy of a nonlinear stochastic biological network is
therefore denoted as the normalized randomness of the driven
white noise [8,16-25]. The entropy of a biological network is in
fact a systematic property [6]. It is very difficult to measure
systematic randomness in order to calculate the entropy of a
biological network directly. In this chapter, we describe the
system entropy of a stochastic system in terms of the input signal
entropy minus the output signal entropy (i.e., the net signal
entropy of the biological network), introducing an indirect
method for measuring the system entropy of a stochastic
biological system. The purpose of this chapter is to emphasize
that system entropy is a systematic characteristic of biological
systems. Based on systems theory, we could calculate the system
entropy of biological systems from their system matrices. Like
lowpass filters, we could understand their system properties from
their transfer functions or frequency response functions, without
measuring their input/output signals. Under a systematic
Hamilton-Jacobi inequality (HJI) -constraint, we were able to
minimize the upper bound of the system entropy to approach the
real system entropy of a nonlinear biological network. The
entropy measurement problem of nonlinear stochastic networks
can therefore be transformed to an HJI-constrained optimization
problem. It was found that intrinsic random parameter
fluctuations increase the system entropy of a biological network,
while a feedback loop with all eigenvalues shifted to the farther
left-hand plane of the complex s-domain could decrease the
system entropy and stabilize the biological network.
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At present, there is no efficient method for solving the HJI-
constrained optimization problem in the calculation of the
system entropy of a nonlinear stochastic biological network. In
this chapter, based on a global linearization technique, several
linearized biological networks are interpolated at certain
operation points to approximate the nonlinear biological
network. In this way, the HJI could be interpolated by a set of
linear matrix inequalities (LMIs) [26]. In this case, LMIs-
constrained  optimization could replace HJI-constrained
optimization for measuring the system entropy of nonlinear
biological networks. Furthermore, the relationship between
system entropy and robustness and stability, as well as the
sensitivity of a biological network, are also discussed to obtain a
more systematic insight into the system entropy. We found that
more stable biological networks correspond to lower system
entropies. A biological network with more robustness or less
sensitivity will also exhibit lower system entropy. This
observation has also been confirmed by previous findings [27—
40]. Furthermore, it can be observed that the system entropy of a
biological network is a measure of the network response to
environmental disturbances [41-47]. Lower system entropy
implies less sensitivity to environment disturbances, and vice
versa. With the help of the LMI toolbox available in the Matlab
software package, we could easily solve the corresponding
LMIs-constrained optimization problem to measure the system
entropy of a nonlinear biological network. Finally, two in silico
examples of nonlinear biological networks are given to illustrate
the system-entropy measurement procedure, and to gain a greater
insight into the systematic responses of living systems to their
environments.

Results and Discussion
On the Measurement of System Entropy in Linear
Stochastic Biological Networks

First, for simplicity, we consider a linear biological network with
the following stoichiometric equation (Figure 1):
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X (t) = AX (t) + Bv(t)

1
y(®) =CX(t) W

where X(t) = [x(t) ... x,(t)]" denotes the state vector of the
biological network with n species, v(t) = [vi(t) ... Vo]
represents the network input, y(t) indicates the network output.
A, B, and C respectively denote the system interaction matrix,
input coupling matrix and output coupling matrix of the linear
biological network as follows:

a, -4, b11 blm Cy - G
A=| i . i|B=| i P
anl ... a bnl .- b Cll CI

nn nm

If all state variables of the biological network are considered as
the network output, C = diag[Cy; ... Cy]; if the last state x,(t) is
the only network output, C = [0 ... 0 C,,]. The randomness of the
output or input signals can be perceived as the dispersal of the
random signals [6], i.e., randomness of output signal is

represented as I, = E {J.OT y' (t)y(t)dt /T} when the randomness

of input white noise is r = E{LT v’ (t)v(t)dt/T} where E {e}

denotes the expectation of e and T is the time period of input
white noise v(t), i.e., v(t) is within the time interval [0, T). The
entropy of input noise or output signal is defined as the
logarithm of its randomness [6,8], i.e., the entropy of input noise

s, =—log E{LT V' (t)v(t)dt /T} and the entropy of output

. T T
signal so s,=-log E{on (t)y(t)dt/T}. Therefore, the

entropy of linear stochastic biological system (1) is the
difference between output signal entropy and input signal
entropy with zero initial state condition X(0) = 0, i.e., the system
entropy is defined as the net signal entropy of biological system:
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s=s —s, = logE {% [y (t)y(t)dt}— log E {% (v (t)v(t)dt}
or
1,7 ¢ T
E{TIO y (t)y(t)dt} E{jo y' (t)y(t)dt}
=log

E {i [[v (t)v(t)dt} (v v

s=1log ,X(0)=0 2

Let us denote the system randomness r  as

A T T T T
ra E{ [y (t)y(t)dt} / E{ [Iv (t)v(t)dt}, X(0)=0, then
the entropy of the linear stochastic system is the logarithm of the

randomness of the system, i.e.,sélogr. If we can measure

system randomness r, its logarithm is the system entropy s. It is
seen that if the input signal randomness is less than the output
signal randomness (i.e., r < 1), system entropy is negative (i.e., s
< 0). In this situation, biological networks can absorb biomass
and energy from the environment by metabolic processes
obtaining negative entropy to improve the orderly structure of
the biology network as pointed out by Schrddinger, biological
systems consume negative entropy to maintain the entropy used
for their maintenance [8,9]. As a result, system entropy will
decrease naturally. Obviously, this definition of system entropy
match the Schrodinger’s claim that biological life is maintained
by negative entropy [9]. The system entropy is a modification of
the entropy in systems theory [6,8,15]. We add the logarithm to
it to more meet the conventional information entropy so that is
more convenient for us to discuss system entropy in biological
system from the systematic perspective. If the biological network
disperses biomass and energy to the environment (i.e., r > 1), the
system entropy s is positive (i.e., s >0). In this situation, the
biological network will obtain the entropy and its orderly
structure will be destroyed.
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Figure 1: A simple linear stochastic biological network with stochastic
dynamic model in Equation (1).

In general, it is difficult to calculate the system entropy s in (2)
for the linear biological network in Equation (1) directly. In this
chapter, an indirect method is proposed to calculate the system
entropy s in Equation (2) via the system characteristics of the
biological network. Let us denote the upper bound r of the
system randomness as follows:

B[y Oy©dt o - o
E{{E\ﬂ(t)v(t)dt}} orE{J.0 y (t))’(t)dt}srﬂE“'0 v (t)V(t)dt},X(O)zo

IA
=l

We will firstly estimate the upper bound T of the system
randomness in Equation (3) and then decrease T as small a
value as possible to approach the system randomness of the

biological network. Then we get the following result.

Remark 1: If the initial condition is X(0) # 0 in Equation (1),
then the energy of initial state X(0) should be considered into the
system randomness of biological system and Equation (3) should
be modified as:
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e[, v ©yod]
V(X(0))+E { [V (t)v(t)dt}

r =

/X (0) %0

for some positive energy function V(X) > 0 and V(0) = 0, i.e.,
the randomness of the initial state of the biological network
should be added to the randomness of input signal. In this
situation, the system entropy should be modified as follows

], v ©yod|
V(X(0)+E { v (t)v(t)dt}

s=1log

,X(0) %0

for some positive energy function V(X) > 0, i.e., the net signal
entropy in Equation (2) should take account of the effect of the
initial state X(0). In general, V(X(t)) is chosen as the Lyapunov
function V(X(t)) = X"(t)PX(t) for some positive symmetric matrix
P>0.

Definition 1: The linear biological system in Equation (1) is
called stable if all the eigenvalues of A are in the left-hand side
of the s-domain, i.e., the real parts of eigenvalues Re{4i(A)} <0
for all i.

Proposition 1: The system randomness of the linear biological
network in Equation (1) has an upper bound T jn (3) if the

following LMI has a positive solution P = PT > 0.

T T
{PA+A P+C'C PB}SO @

B'P —T1

Proof: See Appendix A.
From Equation (3), it is seen that T is the upper bound of the
system randomness r. From the Proposition 1, the system
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randomness of the linear biological network Equation (1) can be
estimated by solving the following LMI-constrained
optimization problem:

r=minT subject to LMl in (4) ©)

The above LMI-constrained optimization problem can be easily
solved by decreasing T in LMI Equation (4) until there exists no
positive definite symmetric matrix P, which could be easily
performed with the help of the LMI toolbox available in the
Matlab software package. After solving the LMI-constrained
optimization for system randomness r in Equation (5), we could
obtain the system entropy of the linear stochastic system in
Equation (1) as s = log r. Since LMI in Equation (4) is
characterized by system matrices A, B and C, the system
randomness r or system entropy s measured by solving the LMI-
constrained optimization problem in Equation (5) is completely
dependent on system matrices A, B and C in Equation (1).

Remark 2:

0] The LMI in Equation (4) is equivalent to the following
Riccati-like equation through the Schur complement
[15]:

PA+AP+CTC+LPBB'P<0  (§)
r

(i) Obtaining the system randomness r by solving the
LMI-constrained optimization problem in Equation (5),
the Riccati-like equation in Equation (6) could be
replaced by:

C'C+1PBBTP< —(PA+ ATP)

r (7

From the Riccati-like inequality in Equation (7), it is clear that
the system randomness r and also the system entropy s are all
dependent on the system parameters A, B and C. Obviously, the
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system randomness r or entropy s is a measurement of
systematic characteristic. Since the last term in the right-hand
side of the inequality Equation (7) is positive, it is seen
that if the eigenvalues of A are all located at the farther left-
hand side of s-domain (i.e., the real parts of eigenvalues are
more negative or the loops of biological system are with more
strength from the systematic perspective) (Figure 2), the
biological network in Equation (1) is with less system
randomness r and lower system entropy s. If the eigenvalues of A
are all located near the imaginary axis (i.e., less negative), in order
to maintain the inequality in Equation (7), the system randomness r
or system entropy s must be large enough. In summary,
biological systems with more stability are with more ability to
maintain its system structure (or phenotype) and therefore are
with less system randomness or entropy, and vice versa.

(i) From the Riccati-like inequality in Equaiton (7), if
system matrix A is fixed, in order to make system randomness
r and system entropy s smaller, input coupling matrix B and
output coupling matrix C in Equation (1) must be smaller. This
is why there are so many membranes and semitransparent
membranes isolating biological systems from the
environment with only some receptors or sensors remained to
interact with the outside environment (i.e., make B and C in
Equation (1) as small as possible to protect the biological system
from the environment).

Remark 3: If feedback loops FX(t) are obtained by the
biological network in the evolutionary process as follows [48—
51]:

X (t) = AX (1) + FX (t) +Bv(t) (8)

then the Riccati-like equation in Equation (7) can be replaced by:

c'C +%PBBTP£—[P(A+ F)+(A+F)"P] 9)

Obviously, the negative feedback loops F could shift the
eigenvalues of A to the more left-hand complex s-domain, i.e.,
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the eigenvalues of A + F are at the farther left-hand side than A in
the s-domain as shown in Figure 2. Then from Equation (9), the
negative feedback loops F can decrease system randomness and
entropy. On the contrary, if the eigenvalues of A + F are
closer to the jw-axis than the eigenvalues of A by positive
feedback loops F, the positive feedback loops F will decrease
the value in right-hand side of Equation (9) and therefore
increase system randomness r or system entropy s of the
biological network.

Adding negative

feedback loops J f’f)

C— X eigenvalues of A
xX x

X < % eigenvalues of A+F

% % >0
0
x

X

X X

Figure 2: The locations of the eigenvalues A; of A in the s-domain. If the
feedback loop FX(t) can shift the eigenvalues of A to the farther left-hand side
of s-domain, then it decreases the system entropy. Black x denotes the location
of eigenvalues of the original biological system in Equation (1), and blue x
denotes the shifted location of eigenvalues of biological systems in Equation
(8) by the feedback loop FX(t), i.e., the eigenvalues of A + F. ¢ and jw
denote the real and imaginary axis in complex domains, respectively.

If the biological network in Equation (1) suffers from the
intrinsic random parametric fluctuations as follows:
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A N
X (t) =[A+ZAni (t)jX(t)+ Bv(t)
i=1
y(t) =CX(t)
where white noise nj(t) represents the i-th random fluctuations

sources caused by events like genetic mutation and epigenetic
alteration. A; denotes the fluctuation amplitude due to the i-th

(10)

white noise, i.e., ziilAni(t) denotes the intrinsic random

fluctuations due to N random fluctuation sources. By Itd
stochastic process [24,25,52,53], Equation (10) can be rewritten
as:

dX (t) = (AX (t) + Bv(t) ) dt + i A X (t)dw; (t)

y(t) =CX (1)

(11)

where dw;(t) = ni(t)dt and w;(t) denotes the Wiener process or
Brownian motion [54-56]. We then get the following result.

Definition 2: For the biological system in Equation (10), the
ability to tolerate the intrinsic parameter perturbation
ZLAni (t) without violation of system stability is called the
stability robustness of the system.

Proposition 2: The system randomness of the linear biological
network with intrinsic parameter fluctuations in Equation (3) has
an upper bound ¥ if the following LMI has positive solution P
>0:

N
T T T
PA+A"P+C C+;A PA PB 0 (1

B'P 7l

Proof: See Appendix B.
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Similarly, the system randomness of the linear stochastic
biological network in Equation (11) can be estimated by solving
the following LMI-constrained optimization problem:

r= rplp T subject to LMl in (12) (13)

Replace T with r in Equation (12), we can obtain the following
Riccati-like inequality via Schur complement:

N
C'C+> ATPA +lpeETP< ~(PA+AP) (14)
i=1 r

Comparing Equation (14) with Equation (7), due to the positive
term Zi ) A"PA , the system randomness r and entropy s of the

stochastic biological network in Equation (10) are respectively
larger than the system randomness and system entropy of the
linear biological network without intrinsic random parameter
fluctuations in Equation (1). Apparently, the intrinsic parameter
fluctuations will destroy network structures (or phenotypes)
leading to the increase of the system randomness and system
entropy of the biological network.

Remark 4:

(M If the eigenvalues of A4 in Equation (11) are more
negative (or the system loops are with more strong
strength), then the term —(AP + A"P) in Equation (14)
becomes larger due to P > 0 so that the biological

N
system could tolerate more the term Zi:l A"PA

. . N . .
due to intrinsic fluctuation Zi:lAni (t) in Equation

(11). These more negative eigenvalues of 4 could
decrease the system randomness r (or system entropy

s).

(i) In order to attenuate the effect of intrinsic parameter
fluctuations on the increase of system randomness or
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system entropy (i.e., let ZIN:l A’ PAi in Equation (14) as

small as possible), there exist so many redundant and
module structures in biological systems to attenuate the
phenotypic variations A; due to genetic variations and
epigenetic alterations in the evolutionary process.

(i) If the state feedback loops FX(¢) with all eigenvalues of
(A + F) in the more far left complex plane of the s-
domain are developed for the stochastic biological
network Equation (9) in the evolutionary process as

follows:
X (t) =(A+ZN:Ani (t)JX(t)Jr FX (t) + Bv(t) (15)
y(t) =CX(t)

In this situation, the Riccati-like inequality in Equation (14)
should be changed as:

CTC+ZN:ATPA +%PBBTP§—[P(A+ F)+(A+F)"P] (16)

i=1

Therefore, the biological network with feedback loops F to let all
eigenvalues of A+F in the farther left complex plane of the s-
domain will be with more stability robustness to tolerate more
network random fluctuations and will decrease the network
randomness and entropy to maintain its phenotype, i.e., a larger
stability robustness in the right-hand side of Equation (16) will
lead to less system randomness r or system entropy s tolerating

larger random fluctuation term ZLATPAi due to

ZLAni (t) in Equation (15). However, if the added feedback

loops F make the eigenvalues of A+F closer to the jw-axis than
the eigenvalues of A, the feedback loops will increase the
network randomness and entropy of the biological network, i.e.,
a positive feedback loop will lead to a less stabilization of
biological system, which will increase the network randomness
and entropy.
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(ili)  Dissipativity all biological networks are open
irreversible systems and the entropy production rate of
biological system in Equation (16) is associated with
the following dissipation rate # [26]:

E { [V (t)y(t)dt}

- <n,for X(0)=0,7>0
E{ v (t)v(t)dt}

By the following derivative procedure with V(X(t)) = X" (t)PX(t)
>0and P >0:

([ v 0y

< E{JOT(VT(t)y(tH XT(t)PX(t)JrXT(t)PX(t)+%ZN:XT(t)AT O*X (t)PX(t)AX(t)]d }

oX?
N 1
T : PA+ATP+) ATPA PB+-CT|cy
=], v OvOdt+ [ [XT0 V'] N 2 {v(it))}
B'P+ EC -l

If the following LMI holds:

F>A+ATP+ZA1 PA PB+= cT
= <0

BTP+IC 7l
5 7

T T T T
we get E{IO Vv (t)Y(t)}SUIO v (t)v(t)dt and the above
LMI is equivalent to the following Riccati-like inequality:

N
PA+ATP+> ATPA +77(PB+%CTJ(BTP+%C)£O

i=1
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Comparing the above Ricatti-like inequality with Equation (14),
there is an association with the system randomness r and the
dissipation rate #.

On the Measurement of System Entropy in Nonlinear
Stochastic Biological Network

In general, biological networks are always nonlinear. In this
situation, the biological network in Equation (1) should be
modified as the following nonlinear stochastic network:

X (1) = f(X)+g(X)v(t), X (0) =0
y(t) =h(X)

where f(X) = [f2(X) ... f.(X)]" denotes the nonlinear interactions
among n species within the biological network, g(X) = [g1(X) ...
gm(X)] denotes the nonlinear coupling between the biological
network and the external input signal v(t). h(X) = [hy(X) ... hi(X)]
denotes | nonlinear outputs of nonlinear biological network.

(17)

Remark 5: The equilibrium point Xe of interest (i.e., the
phenotype) of a nonlinear biological network is assumed at X(t)
=0, i.e.,, Xe = 0. If the equilibrium point Xe # 0, the origin of
the nonlinear network must be shifted to Xe for the
convenience of analysis. Similarly, the system entropy of the
nonlinear biological network Equation (17) is defined as the
logarithm of the system randomness in Equation (2). Based on
the upper bound of the system randomness in Equation (3), we
get the following result.

Proposition 3: The system randomness of nonlinear
stochastic network in Equation (17) has an upper bound T if
the following HJI has a positive Lyapunov solution V(X) > O:

v (X)Y . v (X) ot 18
( ~ j f(X)+h (X)h(X)+( ~ jg(x)v(t) AT v <o (18)

Proof: See Appendix C.
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Since T is the upper bound of system randomness, from
Proposition 3, the system randomness r of the nonlinear
biological network in Equation (17) is calculated by solving the
following HJlI-constrained optimization:

r= Vr(rll)gor subject to HJl in (18) (19)

After we solve the system randomness r from the HJI-
constrained optimization problem Equation (19), the system
entropy of the nonlinear biological network is obtained as s =
logr.

Suppose the nonlinear biological network Equation (17) suffers

from the following intrinsic random fluctuations due to N
random noise sources ni(t), fori =1, ..., N:

X()= 100+ 3 L0000+ 90OV
Y =h(X)

(20)

where fi(X) denotes the effect of the i-th random fluctuation
source n;(t) on the biological network.

The above nonlinear stochastic network can be represented by
the following It6 stochastic process [57]:

dX (t)z(f<><)+g(><)v(t>)dt+;fi(X)dwi(t) e
y(t) =CX(t)

where dw;(t) = n;(t) and w;(t) denotes the Wiener process or
Brownian motion. We then get the following result.
Proposition 4: The system randomness of nonlinear stochastic
network in Equation (20) with intrinsic random fluctuations has
an upper bound 1 if the following HJI has a positive solution
V(X) > 0:

17 www.videleaf.com



Entropy: Theory and New Insights

(a"a—;’()] f(X)+hT<><)h<><)+[a‘g(x)jg(><>v(t) (22)

+§§fiT(X)aZ;/X(i()f(X) AT (Ov(t) <0

Proof: See Appendix D.

Therefore the following constrained optimization problem is
required to solve and measure the system randomness in the
nonlinear stochastic biological network in Equation (20):

r :Vr(rll)go I subject to HJl in (22) (23)

After solving the HJI-constrained optimization problem in
Equation (23) for system randomness r, the system entropy of
nonlinear stochastic network Equation (20) can be obtained as s
=logr.

Remark 6:

(i) Comparing the HJI in Equation (18) with the HJI in

Equation (22) when T is replaced by r, it is seen that the
positive term > £7(X)[ 0V (X)/aX?]f,(X) in

Equation (22) due to the random intrinsic fluctuations will
cause a larger system randomness r and system entropy s
for the nonlinear stochastic network in Equation (20).

(if) 1f some nonlinear feedback loops F(X) are developed for
the nonlinear stochastic biological network Equation (20) in
the evolutionary process as follows:

N

dX (t) :( f(X)+ F(X)+g(X)v(t))dt+Z f, (X)dw; (t)
i=1

then the HJI in Equation (22) is modified as the following HJI:

AV (X)

g(Xv()+ Zf X =z

[fN(X) f.(X) - (t)v(t) <O

T N(X)
x J (FX)+F(X))+h (X)h(X)+[ J

When comparing the above HJI with the HJI in (22), it is seen
that the negative feedback loops F(X) will cause less system
randomness and entropy while positive feedback loops can
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increase the system randomness and entropy of the nonlinear
stochastic biological network.

In general, there is no efficient method to solve the HJI in
Equations (18) or (22). Therefore, it is very difficult to solve the
HJI-constrained optimization problem in Equations (19) or (23)
for the entropy of the nonlinear biological network Equations
(17) or the nonlinear stochastic biological network Equations
(20). In order to solve the HJI-constrained optimization
problems in Equations (19) and (23) for the calculation of the
system randomness and entropy in nonlinear biological
networks, the global linearization technique is employed in the
following section to simplify the calculation procedure of
system entropy.

The Calculation of System Entropy in Nonlinear
Stochastic Biological Networks by the Global
Linearization Method

In order to efficiently solve the HJI-constrained optimization
problems in Equations (19) and (23) for the system randomness
and entropy of nonlinear biological networks, the global
linearization technique is employed to simplify the system-
entropy measurement procedure by transforming the
nonlinear biological network in Equations (17) to a set of
interpolated local linearized linear biological networks.

By the global linearization method [26], if all the global
linearizations of nonlinear biological network in (17) are
bounded by a polytope consisting of M vertices as [26,54-56]:

o0
oX

A A A
%ECO B| - B | - |B, || VX (24)
ah(X) C, G Cu
| oX

where C, denotes the convex hull of polytope with M vertices
defined in Equation (24), then the state trajectory X(t) of the
nonlinear biological network in (17) could be represented by the
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convex combination of the state trajectories of the following M
local linearized biological networks derived from the vertices of
the polytope in (24) [26,54-56]:

X (t) = AX (t)+Buv(t), fori=1,..,M

(25)

y(t) =C X(t)

By the global linearization theory [26], if Equation (24) holds,
then every trajectory of the nonlinear biological network in
Equation (17) is a trajectory of a convex combination of M
linearized biological networks in Equation (25). Therefore, if
we can prove that the convex combination of M linearized
biological networks in Equation (25) can represent the
nonlinear biological network in Equation (17), then they will
have the same system entropy. The convex combination of
M linearized biological networks in Equation (25) can be
represented as [58]:

X(0) =3 a,(X)(AX 0+ By(t))
= (26)

y(t) = Zai(x)cix ®)

where the interpolation  functions

o (X )= (Y%~ X OF ) /(X0 - X O satisfies
0<¢(X)<1 and Zi:lai(X) =1, i.e., the trajectories of the

nonlinear biological network in Equation (17) can be represented
by the interpolated biological networks in Equation (26), which
is the convex combination of M local linearized biological
networks at the vertices of polytope in Equation (25).

Remark 7: Actually, there are many interpolation methods to
interpolate some local linearized networks at different operation
points to approximate the nonlinear biological network in
Equation (26), for example, interpolation methods by fuzzy
bases [59,60] and cubic spline bases [61-63].
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If the nonlinear biological network in Equation (17) could be
approximated by the global linearization system in Equation (26),
then based on Proposition 4 we get the following result.

Proposition 5: The system randomness of the nonlinear
stochastic network Equation (17) has an upper bound 1 if the
following LMIs has a positive definite symmetry matrix P > 0:

PA+A'P+C'C. PB
BP 7l
(27)

‘}SO, fori=1....M

Proof: See Appendix E.

Based on Schur complement [58], the LMIs in Equation (27)
could be transformed to the following Riccati-like in equalities:

PA+ATP+C'C +1PBB'P<0, fori=1..M (28)
r

which is the same form as the Riccati-like equation in Equation
(6) and can be considered as the local linearization set of HJI in
Equation (18) at the M vertices of local linearized networks in
Equation (26). Therefore, the system randomness r of the
nonlinear biological network Equation (17) or global
linearization system Equation (26) can be calculated by solving
the following LMIs-constrained optimization problem:

r= rpigl T subject to LMIs in (27) (29)

then the system entropy of the nonlinear biological network in
Equations (17) or (26) can be obtained as s = log r. Substituting
rinto © in Equations (28), we get:

c'C, +1PBBTPS—(PA +A'P),fori=1...,M (30)
r

21 www.videleaf.com



Entropy: Theory and New Insights

Remark 8:

(i) From Equation (30), it is seen that if the eigenvalues of
local linearized system matrices Ai are all with more
negative real part (more stable), then the nonlinear
biological network in Equations (17) or (26) will be with
less system randomness r and less system entropy s, and
vice versa.

(i) The LMlIs-constrained optimization problem for system
randomness r in Equation (29) can be easily solved by
decreasing T until no positive definite solution P > 0
exists in Equations (27) or (28) with the help of the LMI
toolbox included in the Matlab software package.

After measuring the system randomness r and entropy s of
the nonlinear biological network in Equation (17) by solving
the LMIs-constrained optimization problem in Equation (29). We
want to avoid solving the HJI-constrained optimization problem
in Equation (23) to measure the system randomness and
entropy of the nonlinear stochastic biological network (20)
with intrinsic random fluctuations. Similarly, by following the
global linearization of the nonlinear stochastic biological
network Equation (20), if all the global linearized systems are
bounded by a polytope consisting of the following M vertices
[58]:

Cof () ]
oX
O (TA] (Al [A]
X A A, A o
: : : : 1
of (X) | € ) ’ ’ VX (1)
T AiN AN AMN
B, B, By
99(X)
X | C, | | G | Cy |
oh(X)
oX

then the state trajectory X(t) of the nonlinear stochastic network
in Equation (20) can be represented by the convex combination
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of the trajectories of the following M local linearized
biological networks derived from the vertices of the polytope in
Equation (31) [26,54-56]:

X(t):AX(t)+ZN:AjX(t)nj(t)+Biv(t),fori =1..,M (32)

y(®) =CX (1)

By the global linearization theory [26], if the global
linearization in Equation (31) holds, then every trajectory of the
nonlinear stochastic network in Equation (20) is a trajectory
of a convex combination of M local linearized biological
networks in Equation (32). Therefore, if we could prove that
the convex combination of M linearized biological networks in
Equation (32) can represent the nonlinear stochastic biological
network in Equation (20), then they will have the same system
randomness and entropy. The convex combination of M local
linearized stochastic biological networks in Equation (32) can be
represented as [26]:

Xm=i%u{Axm+i%xmmm+mmﬂ (33)

y(®) :Zai(X)CiX(t)

where each interpolation function ¢ (X)satisfies 0<e¢r, (X) <1

and Z:ai(X) =1, i.e., the interpolation of M local linearized

stochastic biological networks in Equation (33) at M vertices in
Equation (31) is employed to approach the nonlinear stochastic
biological network in Equation (20).

After interpolating M local linear stochastic biological networks
in Equation (33) to approximate the nonlinear biological network
in Equation (20), we can get the following result.

Proposition 6: If the following LMIs have a positive definite
symmetry solution P > 0:
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N
PA+ATP+C'C +> A'PA PB,
j=1

B'P -7l

<0, fori=1..,M (34)

then the system randomness r of the nonlinear stochastic
biological network in Equations (20) or (33) has an upper bound
r.

Proof: See Appendix F.

Remark 9: By Schur complement [26], the LMIs in
Equation (34) are equivalent to the following Riccati-like
inequalities:

T T AT 1 T ; (35)
PA+ATP+C'C +> ATPA +=PBB'P<0, fori=1..,M
[El r

From the upper bound T of the system randomness in Equations
(34) or (35), the system randomness of the nonlinear stochastic
biological network in Equations (20) or (33) could be measured
by solving the following LMIs-constrained minimization
problem:

r= rpigl T subject to LMIs in (34) (36)

After solving the LMIs-constrained optimization problem in
Equation (36) for the system randomness r of the nonlinear
stochastic biological network in Equations (20) or (33), we
could obtain the system entropy s = log r. If we substitute r for
T in Equation (35), then we can get:

c'c, +iAﬁjTPAﬁj +%PBiBiTP <—(PA+ATP), fori=1,..,M (37)
j=1

From Equation (37), it is seen that the more negative
eigenvalues of local system matrix A; will lead to a less system
randomness r and system entropy s of the nonlinear stochastic
biological network. If the eigenvalues of the biological system
are fixed, large local perturbations A may lead to large system
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randomness r. Larger input/output couplings B; and C; with
environment will also lead to larger system randomness and
entropy.

By multiplying Q = P > 0 to both sides of Equation (35) and
T, =T, we can get the following inequality:

AQ+QAT+QC/CQ+Y QAQ A Q+BrBT <0 (38)

By Schur complement [26], Equation (38) is equivalent to:

AQ+QAT+BEB" Q'CT QA - QA

cQ -1 0 0 0 (39)
AlQ 0 —Q 0 0 <0

: 0 0 Q o0
ANQ 0 0 0 _Q

Therefore the minimization problem can be solved by the
following expression:

I, =min I; subject to LMIsinto (39),Q>0,r,>0  (40)

system randomness r in Equation (36) can be resolved by r =, *
andP=Q".

Remark 10:

(i) Comparing Equation (30) with Equation (37), because of the
positive term ZL AJ.T PA; due to intrinsic random

fluctuations ZL f.(X)n(t) in the nonlinear stochastic

biological network in Equation (20), system randomness r in
Equation (37) must be larger than system randomness r in
Equation (30) of the nonlinear biological network Equation
(17) without intrinsic random fluctuations. Obviously, the
intrinsic random  fluctuations can increase system
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randomness r and system entropy s of the nonlinear
biological networks.

(if) If the nonlinear stochastic biological network in Equation
(20) has developed new feedback loops F(X) to tolerate
network fluctuations as follows:

X(@®)=f(X)+ F(X)+i £ (XOn; (® +g(X)v(t) (41)

which could be approximated by the following global
linearization system:

X (t) :iai(X)((A + Fi)X(t)+iAjX(t)nj(t)+ Biv(t)j (42)

where F(X) is approximated by Zzlai(X)FiX(t), then the

Riccati-like inequality Equation (37) is replaced by Equation
(39):

iAjTPAj +c’c, +%PBiBiTPs—[P(A +F)+(A+F) P], fori=1..,M (43)

Obviously, feedback loops F(X) with the interpolation of M local
feedback loops FX(t), fori=1, ..., M, to shift all eigenvalues A; +
F; to the farther left-hand plane of the s-domain will decrease
the system randomness r and then decrease the entropy s of the
nonlinear biological network in Equations (41) or (42) while
the feedback loops F(X) with local FX(t), fori =1, ..., M that
makes the eigenvalues of A; + F; closer to the jw-axis will
increase the system randomness and the entropy of the
biological network in Equations (41) or (42).

Based on the above analysis, a measure procedure of
system entropy for nonlinear biological networks is given as
follows:

(i) Construct nonlinear dynamic equations of biological
networks as Equations (17) or (20).
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(if) Use global linearization technique in Equations (24) or (31)
to approximate the nonlinear biological network as
Equations (26) or (33).

(iii) Solve the LMIs-constrained optimization in Equations
(29), (36) or (40) for the system randomness » and the
entropy s =log r of the nonlinear biological network in
Equations (17) or (20).

Example of Calculating System Entropy of
Biological Networks

In this section two examples of calculating the system entropy
of biological networks are given to illustrate the proposed
system-entropy calculation methods; one example is about
calculating the system entropy of a phosphorelay pathway in the
molecular level and the other example is about calculating the
system entropy of an ecological system.

Example 1: The System Entropy of a Phosphorelay
System

Consider a phosphorelay system from high osmolarity
glycerol (HOG) signal pathway in yeast (Figure 3). This
pathway is organized in the following [64]. It involves the
transmembrane protein SInl, which is present as a dimer. Under
normal conditions, the signaling pathway is active due to
continuous autophosphorylation at a histidine residue, SIn1H-P,
under the consumption of ATP. Subsequently, this phosphate
group is transferred to an aspartate group of SInl which is SIn1D-
P, then to a histidine residue of Ypdl, and to an aspartate
residue of Sskl1. Finally, Ssk1-P is continuously
dephosphorylated by a phosphatase.
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Input signal:
high osmolarity
v(t)
Plasma
v, membrane
BB — ~ BB 8B
Sin1(t) SIn1H-P(t) SIin1D-P(t)
Ypd1(t) Ypd1-P(t)
Output
Ssk1-P(t) Ssk1(t)—> signal (t)
P

Figure 3: Schematic representation of phosphorelay system in example 1
consisting of SInl-branch of high osmolarity glycerol (HOG) pathway in yeast
[64].

Let us denote X(t) = [Xu(t) Xa(t) Xa(t) Xa(t) Xs(t) Xe(t) X7(D)]" 2
[SIn1(t) SIn1H-P(t) SIn1D-P(t) Ypdi(t) Ypdl-P(t) Sski1(t) Sskl-
P(t)]". Then the dynamic behavior of the SInl-phosphorelay
system in yeast can be represented by the following dynamic
equation [64]:
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Xl(t) = 1X1(t) + k3X3 (t)X4 (t)+ kov(t)
X, (t)= k1X1 - kzxz (t)

X3 (1) =Ky X, (1) — KX (1) %, (1)

X, (t)= k4)(5 (t)xe - k3X3 ('[)X4 (t)

Xs = _k4X5 (t)Xe (t)+ k3X3 (t)XA (t)

Xo )= k5X7 t)-x, (t)xs (t)xs (t)

X t)= _k5X7 )+ X, (t)X5 (t)xe (t)

Y =X (t)

(44)

where ko = 0.5, k]_ = 0.4, k2 =0.1, k3 = 50, k4 = 50, k5 = 0.5 and
v(t) is white noise with zero mean and unit variance. The
temporal profile of state variables of the SInl-phosphorelay system
is given in Figure 4a.

(@) (b)
3——— 3= v '
X X1t
x2(t) x2(t)
|—a 3(t)
250 1 25 alt) A
%5(t) X5(t) M MO\
(1) EaCII ) M
2t x7(t)| 2 | f YWaw A
Vit
< . . \
£ 2 Ly
S 15 815 |
] ]
2 2 |
g g
g a \\,\I
i
1 g 1 W
i A
i Wy
. v A vl A 3 Y
5 R N IO AT L 05/ M AL AT A L Y
o5 M n e A A JN A TR AL ST
WAL LY "Lk \
WA ‘X \ M
0 : : : ol =
0 50 100 150 0 50 100 150

time time

Figure 4: Temporal profiles of the state variables of SIinl-phosphorelay
system (a) SInl-phosphorelay system in Equation (44) and (b) SiInl-
phosphorelay system with intrinsic random fluctuations in Equation (46).
Both figures (a) and (b) were simulated by using Runge-Kutta scheme with
the time step 0.01. The system entropies of (a) and (b) were measured as s =
3.5447 and s = 13.1483 by solving Equations (29) and (36), respectively. The
overall system entropy was increased when the intrinsic random fluctuations were
considered.

Based on the proposed measure procedure, we calculated the

system entropy of the biological network. According to the global
linearization in Equation (26), the SInl-phosphorelay system in
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Equation (44) was represented by the following global
linearization system:

X©=Ya()(AXO+BYD) (@)

where the local linearized system matrices A;, fori=1, 2, 3, 4 are
given in Appendix G. The interpolation

o (XO) = (VI =X OF )/ (X1 I% - X ;). where

X(t) denotes the states of the proteins of the HOG system and Xi
denotes the i-th local operation point with local linearization
[33].

By solving the LMiIs-constrained optimization problem in
Equation (29) with:

00 0 0 0 0 0
00 0 0 0 0 0
0 0 0.0028 0 0.0005 0.0005 -0.0051
P=10"|10 0 0 0.1451 0.1450 -0.0004 -0.0003
0 O 0.0005 0.1450 0.1457 0.0001 -0.0041
0 0 0.0005 -0.0004 0.0001 21116 2.0984
|10 0 -0.0051 -0.0003 -0.0041 2.0984 2.2114 |

we measured the system randomness as r = 34.629 and the
system entropy of the SInl-phosphorelay system as s = 3.5447.
Suppose the SInl-phosphorelay system suffered from the
following two intrinsic random fluctuations from random noise
sources ny(t) and ny(t):

X (£) = =k, (£) + kaXs ()X, (1) + 0.1, ()n, (£) + kov (t)

X, (1) = kX, (1) — kX, (1) + 0.2, (t)n, (1) + 0.1x, (), (t)

X (1) = Ky, (1) — ko, (D)%, (1) + 0.1, ()X, (D), (1) (46)

X, (1) = Ky X (£) X5 (1) — KX (£)X, () + 0.1 (£) X, (1), (1) + 0.1, (1) X, (), (1)

X5 (1) = =K, Xs (1) X6 (£) + Ky, (1) X, (1) +0.2%, (£) X () () +0.2x, (1) X, ()n, (t)

Xg (t) = ksX; (1) — X, (£) X5 (1) X5 (t) + 0.1, (1), (t) + 0.1x; (1) X5 (), (t)

X, (£) = —ksX; (1) + X, (£) X5 (1) X5 (1) + 0.1 (1), (t) + 0. 1%, (1) x5 (1), (t)

y:Xs(t)
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where ny(t) and n,(t) were independent white noise with zero
mean and unit variance. The temporal profile of the stochastic
biological network Equation (46) with intrinsic random
fluctuations is given in Figure 4b. From Equation (33), the
nonlinear stochastic biological network in Equation (46) was
approximated by the following global linearization system:

X(t)=iai(X)[AX(t)+iA,-X(t)n,-+Biv<t>j @)

where A; is the same as Equation (45) and A;;, fori =1,234, j =
1, 2 are also given in Appendix G. By solving the LMlIs-
constrained optimization problem in Equation (36) with:

[0.3275 0.3432 0.3263 0.0082 0.0077 0.0232 0.0182 |
0.3432 0.3729 0.3416 0.0057 0.0053 0.0379 0.0110
0.3263 0.3416 0.3325 -0.0039 0.0024 0.0627 0.0125

P=10|0.0082 0.0057 -0.0039 0.6919 0.6803 -2.3615 -2.0463
0.0077 0.0053 0.0024 0.06803 0.6762 -2.3233 -2.0498
0.0232 0.0379 0.0627 -2.3615 -2.3233 8.5551 7.3236

10.0182 0.0110 0.0125 -2.0463 -2.0498 7.3236 7.8763 |

We measured the system randomness as r = 5.1314 x 10° and
the system entropy of the nonlinear stochastic biological
network Equation (46) as s = 13.1483, which were much larger
than the system randomness and system entropy of biological
network without intrinsic random fluctuations in Equation (44).
Obviously, the intrinsic random fluctuations in Equation (46)
will increase the system entropy of the biological network.

Example 2: The System Entropy of Predator-Prey
Ecological System

Consider the following predator-prey ecological system [65]:
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X, (t) = —0.05x, (t) + 0.05x, (t) X, (t) + hyv, (t)
X, (t) = 0.05x, (t) —0.06x, (t)x, (t) + h,v, (t) (48)

X ()
y() {

X, (1)
where h; = 0.8, h, = 0.8 and vy(t), vo(t) are the external inputs
with zero mean unit variance white noise. The simulation of the
predator-prey ecological system in Equation (48) is shown in
Figure 5a. Based on global linearization in Equation (26), the

predator-prey ecological system in Equation (48) can be
approximated by the following global linearization system:

X (=Y a()(AX O +Bv©) (@9)

where the interpolation functions are

o (X )= (VX =X O ) /(X% - X ;). where

X(t) denotes the states of the population of the prey and predator
system and X; denotes the i-th local operation point with local
linearization [33]. The local linearized system matrices A;, for i =
1, 2, 3, 4 are given in Appendix H. The temporal profile of the
predator and prey population in Equation (48) is shown in Figure
oa.

By solving the LMIs-constrained optimization in Equation
(29), the measurement of the system randomness and entropy

) 1.7498 0
with P =
0 1.7618

randomness r = 14.73831 and the system entropy s = 2.6905.
Suppose the predator-prey system suffered from the following
intrinsic random fluctuations from two random noise sources
ny(t) and ny(t):

} was acquired as follows: system
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X, (t) = ~0.05,(t) + 0.05%, (1), (t) + 0.2, (t),(t)n, (1) + hy, t) (50)
%, (t) = 0.05%, (t) ~ 0.06%, (1), (t) — 0.2%, (t)X, (1)n, () + hyv, (1

0|

where h; = 0.8, h, = 0.8 and ny(t), n,(t) are independent white
noise with zero mean and unit variance.

From Equation (33), the nonlinear stochastic predator-prey
system in Equation (50) was approximated by the following
global linearization system:

X (t) =ZA:ai(X)[AX(t)+ZZ:AJ.X(’[)nj +Biv(t)] (51)

where A;, for i = 1,2,3,4, are the same as Equation (49) and Aj,
for i = 1,2,34, j = 1,2 are also given in Appendix H. The
temporal profile of the predator and prey population with
intrinsic random fluctuations is shown in Figure 5(b). By
solving the LMIs-constrained optimization problem in

0.2946 0.0527

0.0527 0.2070

randomness was measured as r = 26.0657 and the system
entropy of nonlinear stochastic network in Equation (50) was
measured as s = 3.2606, which were larger than the system
entropy of biological network without intrinsic random
fluctuations in Equation (48). Obviously, the intrinsic random
fluctuations will increase the system entropy of the ecological
network.

Equation (40) with P:{ } the system
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Figure 5: Simulation of the growth and decline of (a) the predator-prey system in
Equation (48) and (b) the predator-prey system with intrinsic random
fluctuations in Equation (50). Both figures (a) and (b) were simulated by
using Runge-Kutta scheme with the time step 0.01. The system entropy of (a)
and (b) were measured as s = 2.6905 and s = 3.2606 by solving Equations (29)
and (40), respectively. The overall system entropy was increased when the
intrinsic random fluctuations were considered.

Conclusions

Based on the difference between input signal entropy and
output signal entropy, a calculation of the system entropy of a
nonlinear stochastic biological network was introduced in this
chapter. An indirect method was also proposed to measure system
entropy by minimizing its upper bound. We found that system
entropy of biological systems is determined by their system
matrices and parameter fluctuations. A global linearization
scheme was employed to avoid the necessity for solving a
difficult HJl-constrained optimization problem to measure the
system entropy of nonlinear stochastic biological networks.
This scheme replaces the HJI-constrained optimization
problem with a LMIs-constrained optimization problem, which
can be efficiently solved using the LMI toolbox provided by the
Matlab software. We found that the system entropy of biological
networks is inversely proportional to their robustness and
stability, and that intrinsic random fluctuations can increase
the system entropy. We also found that a feedback loop that
could shift all system eigenvalues of A + F to the farther
left-hand plane of s-domain decreases the system entropy,
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while a feedback loop that makes the system eigenvalues of
A + F closer to the jw-axis than the eigenvalues of A
increases the system entropy . Redundancy can attenuate the
effect of intrinsic random fluctuations due to genetic
mutations and epigenetic alterations, and therefore, decrease
the system entropy of a biological network. Furthermore,
the proposed system entropy calculation method for nonlinear
stochastic biological networks can be applied to the estimation of
the influence on the system entropy by feedback loops added to
the biological system in the field of synthetic biology or
metabolic flux analysis in metabolomics, etc. From our
measurements of the system entropy of biological networks, we
were able to gain a greater, more systematic insight into the
behavior of living systems.
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Appendix

Appendix A: Proof of Proposition 1

From the upper bound of entropy in Equation (3), we get:
T T
E { [/ x"@mcTex (t)dt} <TE { [[v (t)v(t)dt}, X(0) =0 (A1)

or equivalently:

(A2)

Ty T =T d
E{V(X(O))}—E{V(X(T))}+E{IO(X MCTCX (t) - (t)v(t)+av(x(t))}it}£0

Let us denote the Lyapunov equation V(X(t)) for some positive
symmetric matrix P > 0:

V(X ()= XT(t)PX(t) (A3)

Then Equation (A2) is equivalent to the following inequality:

E{XTOPX©O}-E {X"MPX(T)] (A4)
+ E{LT [XT(t)CTcx O -1 (VD) +%(XT(t) PX (t))}jt} <0

By the fact V(X(T)) = X"(T)PX(T) > 0 and V(X(0)) = X"(0)PX(0) =
0 if the following inequality holds, then the inequality in
Equation (A4) holds:

E {jOT (X" OCTCX O IV (V) + X" OPX )+ X" ©)PX (t))dt} <o (A5)

or:
E{E(XT (DCTCX ()~ V" (V) +(XT (AT +VT (BT )PX () + X ()P (AX (1) + Bv(t)))dt} <0

or.
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PA+ATP+C'C PB|[X(t) (A6)

{j [XT(@) v (t)]{ o a Mv(t) t}<0
If the LMI in Equation (4) holds, then the inequality Equation (A6)
holds and the inequality Equation (Al) or Equation (3) also holds,
i.e., the system randomness r of the biological network Equation
(1) has an upper bound T . It should be noted that if X(0) # O,
i.e., V(X(0)) # 0, the system randomness defined in Remark 1
can be also proved with an upper bound T by the similar
procedure. In the case X(0) # 0, V(X(0)) cannot be cancelled in
the proof procedure. Y

Appendix B: Proof of Proposition 2

Following the line of the Proof of Proposition 1 in Appendix A, if
the system randomness of biological network in Equation (10) has
an upper bound, then we get the following inequality from
Equation (A4):

E{V(X()}-E{V(XM)}+ E{LT(XT mcTex @) -’ (t)v(t)+%v (X (t))}lt} <0
(B1)

From the linear stochastic network in Equation (9), we get the
following It6 formula [62,66—69]:

dV(X) = (a\g( ]dX(t)+ Zx OAT azv(X)AX(t)dt (B2)
:[5\2;”] [Ax(t)du—Bv(t)dt+§/—\x(t)dwi(t)j Zx ®AT azv(iQAX(t)dt
By the fact that:
V(X A/ (X
Edw (t) =0, ——— NV (X) 2PX(t)anda ( ) =2P (B3)

and from (B1), we get:
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J.T(XT(I)CTCX () =TV (OV() + 2X T () PAX (t) +2X T (t)PBY(1) (B4)
i <0
+ 3 XTOATPAX (D)t

Following the similar procedure in Appendix A, if the LMI in
Equation (12) holds, then the entropy of the stochastic biological
network in Equations (10) or (11) has an upper bound 7 . Y
Appendix C: Proof of Proposition 3

From the upper bound of system randomness in Equation (3), we
get:

E{ [ (X)h(X)dt} er{ [V (t)v(t)dt}, X(0)=0 (Cl)

or equivalently:

E“OT(hT O =T (t)v(t))dt} <0,X(0)=0  (C2)

Let us choose the Lyapunov (energy) function of nonlinear
biological network in Equation (17) as:

V(X())>0,V(X(0)=0 (C3)

then Equation (C2) is equivalent to the following inequality:
V(X(O))—V(X(T))+E{E[hT(X)h(X)—fvT(t)v(t)Jr%V(X(t))}it}so (C4)

By the fact V(X(0)) = V(0) = 0, V(X(T)) > 0, if the following
inequality holds, then the inequality Equation (C4) holds:

E{ﬂ[m(X)h(X)_rVT(t)v(t)+[6\g§(x)] (f(x)w(x)v(t))}n}go (C5)

Equation (18) holds, then Equation (C5) holds and Equation
(C4) also holds, i.e., Equation (Cl) holds and the system
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randomness of nonlinear biological network in Equation (17)
has an upper bound . Y

Appendix D: Proof of Proposition 4

Following the line of the proof of Proposition 3 in Appendix
C, if the randomness of nonlinear stochastic biological

network in Equations (20) or (21) has an upper bound 1, then
we could get the following inequality form Equation (C4):

V(X (0))-V (X (T))+ E{E(hT(X)h(xyﬁﬂ (t)v(t)+%v (X(t))jdt} <o (B

By the 1t6 formula [57,66], we get:

dv(X) = [“V(X)j dX (1) + —Zf (X)ézv(x)f(x)dt (D2)

(a"‘x’j [f(X)+Zf (X)dw(t)+g(><>v(t)] Zfi(ﬂ%fm

Substituting Equation (D2) into Equation (D1), by the fact
V(X(0)) =0, V(X(t)) > 0 and Edw;(t) = 0, we get:

hT (X)h(X)— FvT(t)v(t)+(8V(X)j [f(X)+(0VT§(X))Tg(X)V(t)] (D3)
dtl<o

el

1oy OV (X)
+E;f. X))z fi(X)

i.e., if the HJI inequality in Equation (22) holds, then the
randomness of nonlinear stochastic biological network Equations
(20) or (21) has an upper bound T .

Since the HJI in Equation (22) implies the inequality in
Equation (D3) and then the inequality Equation (D1), it
guarantees that the randomness of nonlinear stochastic
biological network in Equations (20) or (21) has an upper bound
r.Yy

Appendix E: Proof of Proposition 5
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In the Proposition 3 with Lyapunov function V(X) =
XT(HPX(t) and the approximation

F(X)=" e (X)AX(1) and g(X)= " a;(X)B, by the
global linearization in Equations (24) or (26), then the HJI in

Equation (18) for the guarantee of the system randomness
upper bound T could be rewritten as follows:

2&[% (MPAX () +XT(OCTCX (t) +2XT ()PBv(t) -1V (t)v(t) | <0 (E1)
or:
i[xT (tYPAX (1) + X" (1) ATPX(t) + X ()CTCX (t) + X T () PBv(t) (E2)

i=1

+XT(1)BTPX (t) -V (t)v(t) | <O

or equivalently:

Moo . A[PA+ATP+CTC PB[X(1)
Zﬂ:[x t) v (t)][ AH;iT; _ﬂ}{va)}so (E3)

If the following LMIs hold:

{PA +A"P+C'C PB

BTP _ﬂiso,forizl,...,M (E4)

then the inequality Equations (E3) and (E1) also hold and the
system randomness of nonlinear stochastic network in Equations
(17) or (26) has upper bound 7. Y

Appendix F: Proof of Proposition 6

In the Proposition 4, with the Lyapunov function V(X) =
XT(H)PX(t) and the global linearization

FX) =2 a@COAX® and g(X) =3 a(X)B in

Equation (20), the HJI in Equation (22) can be rewritten as:
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iai (X)[sz (OPAX )+ XT(t)CC X (1) +2XT (t)PBv(t)

i=1

(E1)

+ZN: XT(t)ATPA X (t) -5V (t)v(t)} <0

or:

Sa0[X® V]

B'P

N
PA+ATP+C'C +> APA; PB
j=1

X (t)

Lo

(F2)

<

If the LMIs in Equation (34) hold, then the inequality Equation
(F2) holds and the HJI in Equation (22) also holds, i.e., the
randomness of the nonlinear stochastic biological network in

Equations (20) or (33) has an upper bound 7. Y
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